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Abstract We analyze some specific features of the beam-plasma instability. In particular, non-

perturbative effects in the dispersion relation are studied when the standard perturbative inverse

Landau damping treatment breaks down. We also elucidate how only the global distortion of

the profile rather than the clump width is truly predictive of resonance overlap at saturation.

Hamiltonian description of the beam-plasma interaction The beam-plasma system con-

sists of a fast electron beam injected into a 1D plasma (taken as a periodic slab of length L),

which is treated as a cold linear dielectric medium (having dielectric function ε = 1−ω2
p/ω2,

ωp being the plasma frequency) supporting longitudinal electrostatic Langmuir waves. The

plasma density np is assumed much greater than that of the beam nB. The Hamiltonian formula-

tion described in Refs.[1, 2] (and refs. therein) is here adopted and the broad beam is discretized

in n� 1 cold beams self-consistently evolving with m modes at ω j'ωp for j = 1, ..., m (ε ' 0).

Resonant excitation occurs for mode wave numbers k j =ωp/vr j, where vr j is the initial velocity

of a considered cold beam. The evolutive equations write 1

x̄′i = ui , u′i =
m

∑
j=1

(
i` j φ̄ j ei` j x̄i + c.c.

)
, φ̄

′
j =−iφ̄ j +

iη
2`2

jN

N

∑
i=1

e−i` j x̄i , (1)

where resonance conditions rewrite ` jur j = 1, with ` j defined as integer. We set the initial

warm beam distribution function in velocity space as F0(u) = 0.5 Erfc[a− bu] (with a ' 6.8

and b' 4537). In the non-linear simulations of Eqs.(1) (Runge-Kutta (fourth order) algorithm),

we initialize n= 400 cold beams having particle numbers distributed with F0 (for a total N = 106

particles) and equispaced velocities. Initial conditions for x̄i are given uniformly in [0, 2π] for

each cold beam, while modes are initialized as O(10−14) to ensure initial linear response.
1The particle positions along the x direction are labeled by xi, with i = 1, ...N (N being the total particle

number): these are scaled as x̄i = xi(2π/L). The Langmuir scalar potential ϕ(x, t) is expressed using the Fourier

components ϕ j(k j, t). We use the normalization: η = nB/np, τ = tωp, ui = x̄′i = vi(2π/L)/ωp, ` j = k j(2π/L)−1,

φ j = (2π/L)2eϕ j/mω2
p , φ̄ j = φ je−iτ . The prime indicates derivative with respect τ and barred frequencies and

growth rates are ω̄ = ω/ωp and γ̄ = γ/ωp, respectively.
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Linear non-perturbative effects The linear dispersion relation of the system writes

2(ω̄0 + iγ̄L−1)− ηur

M

∫ +∞

−∞

du
∂uF0

u/ur− ω̄0− iγ̄L
= 0 . (2)

Here, the dielectric is expanded near ω ' ωp (according to motion equations), M =
∫+∞

−∞
duF0,

and we used ω̄ = ω̄0 + iγ̄L, where ω̄0 denotes the real frequency shift and γ̄L the growth rate of

the considered mode. Eq.(2) is numerically integrated (fixing η) for ur ∈ [0.0011, 0.0019]. The

growth rates result to increase approaching the inflection point of F0(u), where the drive of the

inverse Landau damping ∂uF0 is maximum. Meanwhile, ω̄0 starts to deviate from unity on the

flat profile (∂uF0 ' 0): a finite growth rate (necessarily associated to a real frequency shift with

respect to ωp) marks the break-down of the perturbative Landau damping expression.

The non-perturbative and non-local character of the dispersion relation can be enlightened

by comparing the solution of Eq.(2) with analytical and semi analytical treatments. In par-

ticular, linearizing Eq.(2) (thus, by assuming ω̄0 = 1), one can get the well know expression
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Figure 1: Ratios between γ̄ (simulation

fit) and γ̄L, γ̄lin and γ̄F from Eqs.(2), (3)

and (4), as function of ur (η = 0.0007).

γ̄lin−πηu2
r ∂u fB

∣∣
ur
/2M = 0 . (3)

Another approach consists in the integration of Eq.(2)

in terms of the Faddeeva function w(x) and residue con-

tributions [3]:

2(ω̄0F + iγ̄F −1)+

−ηAur iπ(2e−X −w(X))/M = 0 , (4)

whose roots can be numerically determined (here X =

BC−BD(ω̄0F + iγ̄F)ur, with A = 2559.88, B = 5.89, C = 1.15 and D = 770.0).

The ratios between γ̄ fitted from the single mode simulations of (1) and γ̄L, γ̄lin and γ̄F from

Eqs.(2), (3) and (4), are plotted in Fig.1 vs. the resonant velocity (η = 0.0007). The three

methods correspond to different approximations of Eqs.(1), and the degree of accuracy of the

specific solutions is evident from the plot. This indicates the non-perturbative character of the

dispersion relation. Moreover, the integral over the whole distribution function and the non-

linear frequency dependence make the estimation of the growth rate intrinsically non-local.

Non-linear velocity spread and resonance overlap at saturation The dynamics of one iso-

lated wave consists of an initial exponential growth of the mode followed by the non-linear

saturation, where the particles are trapped and begin to slosh back and forth in the potential

well of the wave. This makes the mode intensity oscillate and generates rotating clumps in the
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phase-space. Assuming a single mode, the approximation of the post-saturation dynamics (we

denote with |φ̄ |S the mode saturation level) by an instantaneous harmonic oscillator allows to

identify the so called trapping (bounce) frequency ωB as ω̄B =
√

2`2|φ̄ |S =
√

2β ` γ̄L (where

we assumed the quadratic scaling |φ̄ |S = β γ̄2
L with β = const.). In order to characterize the

non-linear dynamics, we introduce the clump width ∆uc
NL defined by measuring the largest in-

stantaneous velocity of particles initialized with u < ur and the smallest velocity of particles

with u < ur at τ = 0. This measure is performed during the temporal evolution (see Fig.2A,

for a specific case) and ∆uc
NL is taken as the value at saturation time τS. We analyze 5 distinct
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Figure 2: A - ∆uc
NL vs. τ for ur ' 0.0015 and η ∈ [0.00015 (blue), 0.0025 (red)]. B - Mode evolution of

the 3 resonances (colored lines) and the respective single mode simulations (gray lines) for η = 0.00055.

C - Three resonance system (η = 0.00055): bullets are ur1 (green), ur2 (yellow), ur3 (blue), and ur±∆uNL

(solid lines), ur±∆uc
NL (dashed lines) are denoted with corresponding colors.

cases having equispaced resonant velocities in [0.0013, 0.0017]. For each case, 10 simulations

equispacing η in [0.00015, 0.0025] are studied (giving distinct drives γ̄L). We find that the trap-

ping frequency behaves as ω̄B = (3.31±0.06) γ̄L (in agreement with well-known results in the

literature [4](and refs. therein)), while ∆uc
NL/ur = (6.64±0.12) γ̄L.

Let us now set a system with 3 modes and study the resonance overlap focusing only on

the saturation time. We consider that resonance overlap takes place present when phase-space

regions associated to different resonances can mix; and, for the analyzed case (namely ur1 '

0.0013, ur2 ' 0.0015, ur3 = 0.0017), the onset of the overlap regime occurs for η > 0.00055

(see the mode evolution in Fig.2B) due to the progressive enhancement of the non-linear ve-

locity spread. If we depict the resonance position and the corresponding ∆uc
NL (Fig.2C, dashed

lines) for the threshold value η = 0.00055, the non-linear trapping regions appear, actually,

non-overlapped. This evidence has the important physical implication that also particles which

are not trapped by the wave near resonance [5] are relevant in the “active” overlap of different

non-linear fluctuations. There is vast literature on this issues, related with the analysis of the

transition to stochasticity of adjacent resonances, leading to the well-known Chirikov overlap

criterion (for details, see Ref.[6]). In the present case, the perturbations are not imposed exter-

nally as it is usually assumed [5, 6], but are self-consistently determined including fluctuation
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spectrum as well as beam particle nonlinear evolution. Similar to well-known literature [6], we

find that a scale factor should be applied to the quantity ∆uc
NL in order to obtain the overlap of

the resonance width at saturation time, namely ∆uNL ' α∆uc
NL with α ' 1.28 (Fig.2C, solid

lines). We stress how the resonance ur1 (green curve) is initially isolated, but the synergistic
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Figure 3: Snapshot of fB(u,τS = 720) for

η = 0.00055 in the presence the single

resonance ur2 (bullet). The red line is F0.

We also indicate ur ± ∆uNL (solid lines)

and ur±∆uc
NL (dashed lines).

non-linear interaction of the two overlapping reso-

nances modifies the dynamics and broadens the region

affected by significant non-linear velocity spread. Thus,

overlap with ur1 sets in at later times, after fluctuations

2 and 3 have been nonlinearly amplified.

To shed light on the dynamic role of un-trapped par-

ticles, let now analyze the example of the function fB

evolved until saturation in the presence of only the res-

onance ur2 (Fig.3): we remind that ∆uc
NL/ur ' 6.64 γ̄L

and ∆uNL/ur ' 8.5 γ̄L. It is evident how only the effec-

tive non-linear velocity spread ∆uNL well characterizes

the global distortion of fB(τS) from F0, accounting for

un-trapped but nearly resonant particles and including

effects at the plateau edges. This confirm the physical implication that also particles, which

are not trapped by the wave near resonance, are relevant in the active overlap since the power

transfer also involves those particles simultaneously feeling two (or multiple) modes.

In summary, the present analysis of the fully self-consistent evolution of the beam-plasma

system agrees qualitatively and quantitatively with existing studies of the transition to the

stochasticity made by dynamical system theory. Self-consistent non-linear effects seem to en-

hance ∆uNL in the case of a broader spectrum (see Fig.2C). We also emphasize that the present

estimate is taken assuming the clump width at saturation. Different estimates could be obtained

at later times and/or extending the time scale for the mixing of the phase space to occur.
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