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Pulse propagation in non-linear media is an important topic in many areas of science, plasma

physics and non-linear optics being obvious examples. Such pulse propagation is subject to

scaling laws that go beyond the non-linear extension of the linear dispersion of the carrier

wave. These laws govern the relationships between pulse amplitude, spatial width, temporal

duration and propagation speed, and the evolution of all these quantities in time. They allow the

establishment of “ideal lines” relating pulse amplitude and duration, or amplitude and speed,

which a non-linear pulse will follow during its propagation even while it is amplified or damped.

They also have “attractor” properties: a pulse that is not on the ideal line initially will reshape

itself until it is, and then stay on that line.

In this lecture, I will show how the scaling laws and ideal lines that rule non-linear pulse

evolution can be derived from non-linear envelope equations. First, I will do this for non-linear

three-wave interaction systems, like those that describe Raman and Brillouin amplification, and

show how this links to the various “self-similar” models that have been derived for these cases.

Next, I will extend this approach to soliton solutions of the non-linear Schrödinger equation,

the Korteweg-de Vries equation and the Boussinesq equation, as well as the many possible vari-

ations of these three equations. For one-dimensional equations, or spherical solitons in multi-

dimensional settings, I will show how the temporal evolution of a damped or amplified pulse

can be calculated. For pancake pulses in multi-dimensional settings, I will show how the scaling

laws will cause the pulse to assume a “horseshoe” shape, which has been observed in Raman

amplification and soliton propagation alike.

As a specific example, I will show how the superluminal speed of the signal pulse in a Raman

amplifier can be related to the propagation speed of a soliton solution to the Korteweg-de Vries

or Boussinesq equations.
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