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We recapitulate and discuss electromagnetic kinetic formulation which aims at simu-

lating the effects of energetic particles on Alfvénic instabilities (Toroidicity induced Alfvén

Eigenmode (TAE)[1]). The term gyrokinetic MHD originates from Ref.[2] which refers

to recovering long wave-length magnetohydrodynamic phenomena without employing a

fluid equation (but an electromagnetic gyrokinetic model). As a long term goal we also

plan to simulate magnetic reconnection events in tokamaks.[3]

Two models are considered and discussed. One, a kinetic-fluid model and the other

an electromagnetic gyrokinetic particle-in-cell simulation model. The kinetic-fluid model

replaces the pressure evolution equation by the second order kinetic velocity moments

for bulk ions, electrons, and energetic particles. As one can imagine, the two are quite

similar for both the kinetics (particle pushing part) and the field equation. As a real

worker who has implemented and realized the two simulation models, I would like to

point out the similarity and the difference between the two.

Kinetic-fluid (KF) model[4] – To quickly illustrate, let us take a finite β reduced

MHD equations:[5] the toroidal component of ideal Ohm’s law,

∂ψ

∂t
= −R2 (v ×B) · ∇ζ, (1)

and the vorticity equation,

dU ζ

dt
= R2B · ∇Jζ + β

(
∇R2 ×∇P

)
· ∇ζ. (2)

Here, v = R2∇ζ ×∇Φ is the fluid velocity, U = ∇× (R2v) is the vorticity, and J =

∇×B is the current density. One can obtain shear Alfvén wave dispersion relation.[1, 6]

As an exercise, let R = 1 in Eqs.(1) and (2) to obtain ω2 = k2‖ . All the equations in this

report are normalized by Alfvén frequency, major radius, and magnetic field strength at

the magnetic axis. Toroidal curvature effects are included in the second term of Eq. (2).

In the KF model (the crux is), the pressure is given by ( j stands for the species)

P⊥j =
∫
µBδfjd

3v, (3)

P‖j =
∫
v2‖δfjd

3v. (4)

The second order moment of all the kinetic particles (bulk ions, electrons, and the en-

ergetic particles) from particle simulation replace the conventional pressure evolution

equation.[5] The right hand sides of Eqs.(3) and (4) are gyro-averaged for the ions (thus

FLR effects are present).
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The kinetic ions and electrons are given by gyrokinetic δf Vlasov equation[7]

∂δfj
∂t

= −Ẋ · ∇f0 − v̇‖
∂f0
∂v‖

. (5)

where

Ẋ = v‖
B⋆

B⋆
‖
+ ω̄A

1

B⋆
‖
b× (µ∇B − E⋆) (6)

v̇‖ = −B⋆

B⋆
‖
· (µ∇B − E⋆) (7)

are the particle position and the parallel velocity time advanced.[8] The method of char-

acteristics is applied to incorporate Eq.(5). Here, ω̄A = ωA/Ωci and ρ̄s = ρs/R .

Gyrokinetic PIC with fluid electrons – On the other hand, the fluid electron

gyrokinetic model[9] by the “Fluid-kinetic hybrid electron” (FKHE) model2 is given

by[11, 12] a set of continuity equation

∂tne = −∇‖ue‖, (8)

inverse of Faraday’s law

∂tA‖ = ∇‖ (Φeff − Φ) , (9)

gyrokinetic Poisson (GKP) equation

ω̄A∇2
⊥Φ = − (δni − δne) , (10)

the adiabatic relation

Φeff = (ρ̄s
2/ω̄A)δne, (11)

and inverse of Ampere’s law

δu‖e = ω̄A∇2
⊥A‖ + δu‖i. (12)

Shear Alfvén wave dispersion relation ω2 = k2‖ (1 + ρ̄s
2k2⊥) can be obtained by coupling

Eqs.(8)-(12) and neglecting the kinetic ion terms. The kinetic equation (the particle

pusher) is identical3 with the KF model except that the electron gyrokinetic equation is

solved only for the nonadiabatic electrons in the FKHE model. The kinetic Alfvén wave

is inherent in the system due to the ∇2
⊥ operator in the gyrokinetic Poisson equation,

Eq.(10). It is also found that[11] the dominant toroidal effect (which then induces TAE)

is in the left hand side of Eq.(10).

Analogy of the two models – The field equations are quite similar. Note the cor-

respondence of Eq.(1) → (9) and Eq.(2) → (10). What differentiate Refs.[9, 10, 11, 12]

from other electromagnetic gyrokinetic simulation methods[15, 16, 17] is the inversion

of the Faraday’s law (solve the vector potential A‖ as a dynamical equation), where

conventionally Ampere’s law is employed by gathering both the kinetic ion and kinetic

electron currents. With the knowledge of Ohm’s law, Eq.(1), the inversion can be hinted

2As in “kinetic-fluid model”,[4] we adhere to the nomenclature in Ref.[10].
3All the components of the simulation code is developed independently from Refs.[11, 12]. See Refs.[13,

14] for example.
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without difficulties. In the relation E‖ = −∇‖Φ − ∂tA‖ , the parallel electric field E‖
is imposed to be in a potential form −∇‖Φeff . To close the system for the unknown

quantity Φeff , Boltzmann relation (electrons being adiabatic) is employed. As a conse-

quence k‖ = 0 component in Eq.(9) is dropped in FKHE.4 The collisionless reconnection

is absent in the current form. Note that Eq.(1) is a projection in a toroidal angle based

on the geometrical expansion,[5] while Eq.(9) is a projection onto the direction of the

magnetic field lines (adiabatic electrons cannot be imposed, otherwise). The electron

inertia, the Hall term, and the diamagnetic drifts due to the multi-ion-species enter the

KF model through the generalized Ohm’s law.[4]

On the other hand, taking a time derivative of Poisson equation gives rise to the

vorticity equation [let δni = 0 , δu‖i = 0 and substitute Eqs.(8) and (12)]. Note that

U ζ ∼ ∇2
⊥Φ . We also remind that just as we solve gyrokinetic Poisson equation for each

time step (in the PIC simulation), we invert the matrix ∇2
⊥Φ in the MHD simulation.

Strictly speaking, ∇2
⊥Φ in the GKP represents polarization, however. Fluid equations

in Refs.[4, 5] are derived by taking the moment of Vlasov equation. By reformulating KF

model with the gyro-fluid approach[20] we can indeed incorporate polarization[21] and

drift wave turbulence effects.

While the gyrokinetic PIC simulation includes all the waves under cyclotron frequency,

in the kinetic-fluid model, we incorporate wave dynamics one by one (and confirming each

piece of wave dynamics). For example, by adding parallel velocity equation to Eq.(1) and

(2), one can see the coupling of sound wave and shear Alfvén wave.[22] The kinetic Alfvén

wave is absent in the MHD equation unless we incorporate Eqs.(3) and (4).

Simulation results –We present our preliminary numerical simulation results by the

kinetic-fluid model. In Ref.[23], Alfvén wave propagation in a cylinder and the generation

of the TAE frequency gap in a torus are demonstrated employing the kinetic-fluid model.

Compared to the majority of the kinetic-MHD hybrid simulation[24, 25, 26, 27, 28] the

present work is unique in that it incorporates bulk kinetic ions and electrons.

Parameters used are similar to those of burning tokamak plasmas,[29] R = 5.00(m) ,

a = 1.25(m) , B0 = 4.3(T ) , Ti = Te = 10.0keV , n0 = 1.0 × 1020(m−3) . We have

taken multi species ions (deuterium, tritium, and energetic particles) and electrons. The

energetic particles are given by Gaussian distribution with the thermal velocity set to

the Alfvén velocity. Note that at the moment, the numbers of marker particles are not

proportional to the background density (as a reminder we employ δf method), due to

the limited numbers of processors [ 16 nodes ( ×4 )] at our local Linux cluster.

The TAE mode is excited in the presence of energetic particle ions. Linear modes of

m/n = 1/1 and m/n = 2/1 are present in the system. The mode amplitudes of the

fluctuation experience an exponential growth of the envelope together with the oscillation

at the TAE frequency. In Fig.1(a), the TAE eigenmode structure in the presence of

the energetic particles is shown. In Fig.1(b) the linear growth rate versus the βα is

shown in the absence and in the presence of the kinetic (bulk) ions and electrons. Here,

βα = 4πpα/B
2
0 ( pα is the pressure of the energetic particles). For the TAE excitation

in the gyrokinetic particle simulation, see Ref.[12].

4The zonal component of the vector potential can be obtained by taking a flux surface average of the
Ampere’s law.[18, 19]
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Figure 1: (a) The TAE eigenmode structure in the presence of the energetic particles. (b)
The linear growth rate versus the βα in the absence and in the presence of the kinetic
(bulk) ions and electrons. The slow onset at low beta region is due to the sensitivity to
the number of marker particles. In the case with the bulk ions and electrons, the Alfvénic
instabilities do get excited at the smaller values of βα , however.
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