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Introduction Internal Transport Barriers (ITBs) are localized regions of improved par-
ticle and energy confinement in fusion devices. They give rise to the local steepening of
the pressure profile which, in turn, can induce a higher fraction of bootstrap current.
ITBs are known to be associated with micro-turbulence reduction but no ultimate expla-
nation for their appearance seems to be accepted [1]. One possible mechanism for ITB
formation, which will be used in our model, has been suggested for electron ITBs and
correlates the ITB formation with the shift from a monotonic q profile to a hollow one.
In these cases the ITB foot shares the location of the minimum of the q profile.

Under certain conditions, ITBs are seen to oscillate in time [2-4]. These oscillations
show up as a consecutive rise and fall of the barrier intensity characterized by the tem-
perature gradient. They can take very distinct forms depending on several factors. For
instance, both relaxation-like oscillations with distinct time scales [2] and nearly sinu-
soidal smooth-like oscillations [3] were observed in different machines. Still ITBs are
reproducible and can be quite robust. It has been suggested that these oscillations could
be the result of the nonlinear coupling between the pressure and current diffusion via
a dependence of the non-inductive current and the thermal diffusivity on the electron
temperature gradient and magnetic shear, respectively [3, 5]. More specifically, a local
non-inductive current seed could produce a hollow q profile, giving rise to an ITB. The
temperature in the plasma center would consequently increase, leading to an increase of
non-inductive current which would tend to return the q profile to its monotonic form.
The ITB would then collapse, the temperature gradient would drop as would the non-
inductive current and a hollow q profile would be formed again. ITB oscillations have
also been correlated with the ITB migration along the minor radius to the plasma cen-
ter [5, 6]. A clear understanding of this behavior is essential for an effective control of
ITB dynamics, known to be fundamental for tokamak long pulse operation.

Our aim is to attempt to capture and understand the essential physics underlying
ITB oscillations with a simple model. Previous attemps [3, 4], modeled the problem by
a set of nonlinear ordinary differential equations (ODEs) of the predator-prey type. In
the ODE context the oscillatory regime would show up as an isolated closed orbit in the
corresponding phase space, know as a Limit Cycle.

In this work we adopt a simple local model derived from the transport equation, under
a set of simplifying approximations described below. We then analyze its stationary so-
lutions with different tokamak regimes in view, namely, pure Ohmic, fully non-inductive
and intermediary oscillatory regimes.
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Reduction of Transport Equations In cylindrical geometry, the plasma energy and
electric current equations are given by

{
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(1)

where T , n and j are the plasma temperature, density and electric current density profiles,
respectively, along the minor radius r, η is the plasma electric resistivity, χ the thermal
diffusivity, S a power source term corresponding to the plasma heating and jNI the non-
inductive current.

In order to reduce the plasma transport equations (1) to a 0-D description, we Taylor
expand the profile functions around the minor radius of interest, rb, corresponding to
the ITB foot. For simplicity, we choose to evaluate the expansion at the origin, where
the derivatives of the T and j are assumed to be null. We also assume that the non-
inductive current density is null at the origin, that the temperature and current density
are constant at the ITB foot (T (r = rb) = Tb and j(r = rb) = jb) and that the density is
flat for 0 < r < rb.

The dynamics at the center can be described by the pair of variables T0/Tb and
j0/jb, where T0 = T (r = 0) and j0 = j(r = 0). We assume a Spitzer resistivity, thus
proportional to T−3/2. The diffusivity is assumed to depend only on the presence or
absence of the transport barrier and is otherwise constant. Since the goal of our model is
to study ITB oscillations, we adopt the following ITB formation criteria: we assume that
whenever the q profile reverses, an ITB sets in and the thermal diffusivity drops from a
typical low confinement value (χLow) to a high confinement one (χHigh). This behavior
is described by a phenomenological relation between χ and the plasma magnetic shear,
s = r

q
∂q
∂r
, of the form χ = χHigh + (χLow − χHigh)f(s), where f models the transition

between 0 and 1 when s changes sign. We will model this transition by a smooth logistic-
like function of the form f(s) = 1/(1 + e−αs), where α controls the transition steepness
(we assume α = 10). Under the context of our local description, a monotonic q profile
(positive s) corresponds to j0/jb > 1 (a decreasing central j profile) and a reversed q
profile (negative s) is represented by j0/jb < 1 (an increasing central j profile).

The reduced form of (1) is given by the following planar ODE system:

{
τxẋ = −8

3
χ̃(x, y)(x− 1) + S̃0,

τy ẏ = 4
x3/2

[
−(y − 1) + 3

2
y
x
(x− 1)− S̃NIb

]
,

(2)

where x = T0/Tb and y = j0/jb are the dimensionless temperature and total electric cur-
rent density inside the barrier, respectively. Equation (2) has been non-dimensionalized,
giving rise to the thermal and resistive times, τx = r2b/χLow and τy = µ0r

2
b/ηb, the dimen-

sionless diffusivity χ̃(x, y) = χ0(x, y)/χLow (where χ0 is the the thermal diffusivity inside
the barrier), the external heating at the origin S̃0 = τxS0/(

3
2
nTb) and the non-inductive

current at the barrier’s foot S̃NIb = jNIb/jb.
The fact that the plasma has a finite electric resistivity leads to an Ohmic dissipation,

which must be taken into account as an internal heating mechanism, corresponding to
a source term of the form Sohm = ηjjohm. Similarly, the bootstrap current is taken into
account in jNI.
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The reduced ODE system then takes the form:
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where S0
ohm = Cx

ohm y2/(x3/2) and Sb
BS = Cy

BS (x − 1)/(y + 1) (with the coeffi-
cients given by Cx

ohm = τxηbjb
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1/2)). The terms FExt
x(x, y) and FExt

y(x, y) generically represent any ex-
ternal heating and current drive sources that may be considered.

Parameters We choose parameters pertinent to Tore Supra, which is particularly
suited for non-inductive long pulse operation: Tb = 4 KeV , jb = 1.5 MA/m2, barrier’s
foot position normalized to the minor radius ρb = 0.2 (see [4] for a complete list).

In order to model (3), we assume that a constant and well localized current is absorbed
in rb: FExt

y(x, y) = KExt, where KExt is the fraction of lower hybrid (LH) induced current
at the ITB foot (which plays the role of a control parameter). To model its heating effect
in the plasma center we use FExt

x(x, y) = KExt x y, which is based on the experimental
evidence that the heating power deposition of a LH systems grows with T and moves
outward from the center as the magnetic shear decreases.

Results We numerically integrate the obtained set of differential equations (3). Fig-
ure 1 shows their phase portrait for two distinct values of the control parameter, KExt.
Thick lines correspond to orbits for different initial conditions while the thin lines are
the x and y-nullclines. These nullclines correspond to the sets of points satisfying the
conditions ẋ = 0 and ẏ = 0, respectively, so any possible equilibrium of the system
must lie on their intersection. As expected from the remarkably distinct time scales,
τx/τy = O(10−3), the orbits begin to be rapidly attracted by the x-nullcline and then
slowly approach the stable equilibria, moving apart from the unstable ones.

The left frame of figure 1 represents the pure Ohmic case, KExt = 0. The stable fixed
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Figure 1: Phase portrait of the reduced system (3). Left: pure Ohmic case (KExt = 0.0), right: non-
inductive case (KExt = 0.5). Cyan and orange thin lines represent the x and y-nullclines, respectively.
Red, green and dark-blue thick lines correspond to solutions for three different initial conditions.

point, corresponding to a typical equilibrium without ITB (both x and y slightly greater
than 1), attracts every orbit in the physically relevant domain of the phase space.

The right frame of figure 1 has KExt = 0.5. The system possesses two attractors, one
3
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with a highly reversed current profile and a large temperature ratio increase (suggesting
ITB presence) and the other with a more modest T0/Tb and a current ratio practically
indistinguishable from the Ohmic case. The fact that there exist two distinct stable
fixed points separated by their boundaries of attraction, illustrates that ITB formation
is dependent on the initial conditions which is consistent with the experimental fact that
careful preparation of the plasma is required to observe an ITB.
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Figure 2: Phase portrait of the reduced sys-
tem (3), with similar characteristic times. The
green orbit represents an oscillating solution
converging to a limit cycle (KExt = 0.7). See
Fig. 1 for details on color scheme.

Although ITB formation is illustrated in fig-
ure 1, no oscillations are observed . From sin-
gular perturbation theory, we know that this
kind of system with different characteristic time
scales can indeed show oscillations, known as re-
laxation oscillations. The existence of such os-
cillations intrinsically depends on the shape and
relative position of the nullclines, which in our
model are not favorable to periodic solutions.
We are, however, able to observe ITB oscilla-
tions with our model if we set τx/τy = 1. Numer-
ical integration results for the case KExt = 0.7
are shown in figure (2), where indeed a limit
cycle is observed, which is consistent with ex-
periments [4]. We conclude that, for the type of
discharges considered, oscillations are captured
when the characteristic transport and resistive
times are similar.
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