
Topological characterization of flow structures in plasma turbulence

L. García1, B.A. Carreras2, I. Llerena3, I. Calvo4, J.A. Mier1, R. Sánchez1

1 Departamento de Física, Universidad Carlos III de Madrid, 28911 Leganés, Madrid, Spain
2 BACV Solutions Inc., Oak Ridge, TN 37830, USA

3 Department d’Àlgebra i Geometria, Universitat de Barcelona, Barcelona, Spain
4 Laboratorio Nacional de Fusión, Asociación EURATOM-CIEMAT, 28040 Madrid, Spain

Introduction

Visualization of turbulent flows is a powerful tool to help understand the turbulence dynam-

ics and induced transport. By using computational homology tools [1], we have developed an

approach for quantitatively characterizing the topological properties of plasma turbulence flows

that are relevant to the transport dynamics [2].

One way to study the connection between topological properties of the flow and transport

properties is by using the continuous time random walk (CTRW) approach. This approach al-

lows us to construct transport models based on statistical properties of the microscopic motion

of the particles [3]. Basically one assumes that the particle trajectories are composed by waiting

times at a given position and particle flights between two different consecutive positions.

Here, we try to show that the topological properties of the flow structure are useful in provid-

ing a connection between properties of the turbulence and properties of the induced transport in

the resistive pressure-gradient-driven model.

Topological parameters of the flow structures

We study the pressure-gradient-driven turbulence in toroidal geometry by means of a reduced

set of resistive MHD equations in the electrostatic limit. The E×B velocity is written in terms of

the stream function Φ, which is proportional to the electrostatic potential: V⊥ = ∇Φ×b, where

b is a unit vector in the direction of the magnetic field. The model consists of two equations,

the perpendicular momentum equation for the stream function evolution, and the equation of

state for the pressure evolution. Dissipative terms are included in both equations. Details of the

equations and numerical methods can be found in Ref. [4].

We use (ρ,θ ,ζ ) as the coordinates in toroidal geometry. At a fixed time t, we define a flow

structure as the set of points such that Φ(ρ,θ ,ζ , t) ≥ Φ̄0, where Φ̄0 is a constant. We define

Φ0 = Φ̄0/max(Φ), with max(Φ) being the maximum value Φ at time t. Therefore, Φ0 gives

a fraction of the maximum value of Φ and 0 ≤ Φ0 ≤ 1. A first approach in characterizing the

topology of a flow structure is to determine its Betti numbers. For structures in R3, only three
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of these topological invariants are non-zero [5]. We denote them by b0, b1 and b2. b0 is the

number of arc-connected components of the structure, b1 is the number of (independent) non-

contractible loops, and b2 is the number of voids.

The two relevant measures that we want to use are the number of connected components and

the number of cycles. However, not all cycles and components have the same relevance to the

physics of the plasma. Small cycles in the flow structure matter very little. These small cycles

are not always a property of the flows, but, in most cases, are the result of the limitations in

numerical resolution. The cycles we are interested in are the large-scale cycles that are formed

by flow filaments turning all the way around the torus. Let us call X our structure and A the

same structure after we cut it at θ = π . The number of large-scale cycles c1 is given by [2]

c1 = b1 [X ,A]−b0 [A]+b0 [X ] . (1)

Here, b1[X ,A] is the rank of the relative homology group H1(X ,A) of the pair (X ,A), and b0[X ],

b0[A] are the zeroth Betti numbers of the sets X and A, respectively. Since the software package

provided by the Computational Homology Project (CHomP) [6] evaluates the Betti numbers

of cubic spaces and the relative homology, Eq. (1) cam be used to compute c1. The number

of large-scale cycles c1 converges very fast and in all the calculations presented here, we have

well-converged results for this parameter.

With respect to the connected components, we have a similar situation to the cycles. There

are some very small components in the cubical sets that are related to the limited resolution of

the system and irrelevant to the physics. In order to detail information on the size distribution

of the components, we calculate b0 by radial layers. In this way, we can define b0(r), which

is the value of b0 for the structure Φ(ρ,θ ,ζ , t) ≥ Φ̄0 with 0 ≤ ρ ≤ r. For each component we

calculate its size by the number of cubes that it contains and its radial extent.

For the numerical results of the resistive pressure-gradient-driven turbulence, this distribution

has two peaks: a large and narrow peak at the smaller end of the range of sizes and a broader

peak at the other end. The size distribution at the smallest sizes moves downwards as the res-

olution increases and its height decreases. This indicates that the components corresponding

to this peak depend on the resolution and they are not real components of the flow structure.

However, the second peak of the distribution remains invariant as the resolution changes. We

define a reference size, Nre f = 10−6Nρ ×Nθ ×Nζ , which corresponds to the gap between the

two peaks in the distribution, and we select the components such that their number of cubes is

greater than Nre f as the relevant ones for the flow structure. In analogy to the cycles, we will

call these components large-scale components and their number is n0.
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Relation between flow topology and tracer transport

To study the transport properties, we investigate the time evolution of pseudo-particle tracers.

An arbitrary parallel velocity is added to the turbulent flow to give the velocity of the tracers [4].

This parallel velocity acts as a randomizing term for the tracer particles. As the tracer particles

move by the turbulent flow, we consider the particles being trapped for certain periods of times

in the flow filaments and then taking steps or flights between trapping times. This way of looking

at the tracer particle motion allows us to connect with the CTRW transport approach.

To calculate the probability distribution of the trapping times and the flights we have to first

define both of them in the context of our numerical calculations. Here, we are interested in the

radial transport and for this reason we consider flights only in the radial direction. We use the

same definition as in Ref. [4]. We say that a particle tracer performs a flight while it moves on

a trajectory keeping the same sign of the radial component of the velocity.

Figure 1: Distribution of the large-scale con-

nected components and distribution of the par-

ticle flights at a given time for β0 = 0.01

Let us define the length of the flight i in the

radial direction as `i. If a flight is very short,

`i < δ , where δ � 1, it means that the particle

tracer is in a filament and we do not include

it with the flights. We consider in this case

that the tracer is trapped in a filament and we

add the times of the consecutive short flights

to calculate the trapping times. We also cal-

culate the number nT of these small flights,

which are the turns the tracer takes while

trapped in the filament. We choose for δ a

value of the order of the averaged radius of

the filaments.

The fragmentation of the flow structure in

components (eddies) may have an impact on

the length of the flights of the particles. A

comparison between the distribution of the large-scale connected components and the distri-

bution of the particle flights at a given time is shown in Fig. 1 for β0 = 0.01 (near critical

regime). Both distributions have similar ranges and exponents for the power tail.

At very low β , the flow is dominated by a quasi-coherent mode that does not vary much in

time, and there is a population of deeply trapped particles in eddies that go around the torus

many times. At higher β , the probability distribution function (PDF) of the trapped times does
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not show any of the characteristic bumps that are associated with the long time trapped tracers,

but still has a power tail, which is due to the trapped particles with nT > 1. Therefore, trapped

particles are responsible for the power tail of the PDF even when they remain trapped for shorter

time than in the case of static flow structures.

Figure 2: Rank function of large-scale cycle life

times and of the tracer trapping times for β0 =

0.01

For a given flux surface of minor radius r,

we can calculate the number of large-scale cy-

cles within this surface, c1(r). By changing

the radius, we construct the function c1(r).

From this function is trivial to determine the

radial location of the large-scale cycles. By

measuring c1(r) during the evolution dynam-

ics, we can track the surviving cycles as the

time evolves and determine the survival func-

tion for the cycles. The rank function of cy-

cle’s lifetime is shown in Fig. 2 and it is com-

pared to the rank function of the tracer trap-

ping times for the same dynamical evolution.

We can see that the functions are quite sim-

ilar and the exponents of the power tails are

practically the same.

So in summary, the distribution of the

large-scale components, which is effectively an eddy-size distribution, gives the distribution

of flights at a fixed time, while the distribution of trapping times correlates with the distribution

of large-scale cycles lifetimes.
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