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1 Physics

Introduction
The reconstruction of ideal MHD equilibrium states from external magnetic measurements plays
a central role in the operation of tokamak experiments. The realtime availability of equilibrium
parameters, both by non-iterative methods such as Function Parameterization [1] and realtime
versions of interpretive codes such as EFIT [2] provides essential input for modern feedback
control algorithms which are continuously growing in complexity [3]. It has been a standard
assumption [4] that information on the internal current density and pressure profiles provided
R
by magnetics is limited to three integral moments, namely the plasma current Ip = A jφ dA,
R
R
beta poloidal βp = 2µ0 V p dV /(V B̄θ2b ) and internal inductance li = V Bθ2 dV /(V B̄θ2b ) where jφ is
R
the toroidal current density, B̄θb = µ0 Ip / b dℓ is the average value of the poloidal magnetic field
on the boundary b, and V and A denote the plasma volume and cross-sectional area. Here we
present an analytical example and experimental results showing that additional moments of jφ ,
strongly localized in the edge region of the plasma, are recoverable from magnetics when the
plasma is bounded by a separatrix with one or more X-points.
Theory
The identifiability of edge moments of the jφ profile can be demonstrated from the following
simple analytic model: The flux function per unit length for two parallel wires along the z
direction which pass through x = 0, y = ±d and carry equal current I is
Ψ(x, y) =

µ0 I
d2
p
ln p 2
2π
x + (y − d)2 x2 + (y + d)2

(1)

The doublet shape has a single X-point at the origin and the upper separatrix contour is bounded
√
by −d/2 ≤ x ≤ d/2 and 0 ≤ y ≤ 2 d. Calculation of the cross-sectional area A(ρ) yields
2

A(ρ) = d
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i

(2)

where the normalized horizontal radius ρ satisfies ρ = e−ψ with ψ = 2πΨ/µ0 I, K and E are
complete elliptic integrals of the first and second kind, and lim ρ→1 A(ρ) = d2 . Calculation of
the flux surface average of the y coordinate as a function of ρ yields
hyiρ =

I

y dℓ .
|∇ψ|

I

p

πd 1 − ρ2
dℓ
=
|∇ψ|
2K [(1 − ρ−2 )−1 ]

(3)

As ρ → 1, eq. 3 scales as hyiρ ∼ −1/ ln(1−ρ) and so hyi falls to zero at ρ = 1 due to the progressive
localization around the X-point of the area in the annular interval {ρ, 1}. This localization
extends further into the plasma when hyi is expressed in terms of the radial parameter υ defined
as the normalized distance to the point of intersection with the flux surface along the line joining
√
the magnetic axis to the X-point (see fig. 1(a)). For the wire model, υ = 1 − 1 − ρ.
The qualitative features in the above analysis apply to X-point tokamak equilibria whose flux
surfaces possess the same essential topological features. In particular, the localization of annular
areas above the X-point allows the identification of edge moments of jφ since the current flowing
in this region is comparable to a local distribution near the X-point, distinct from the main
current distribution and therefore readily identifiable by magnetics. For quantitative results
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we consider an ASDEX Upgrade single null equilibrium (figure 1) with tangential and normal
magnetic probes located on an idealized contour conformal to the separatrix but scaled up by
40%, a factor typical for probe-separatrix distances. Flux surface integrals of the Greens function
versus υ at each of P probe sites were carried out numerically to generate 2P radial influence
profiles. For simplicity, the flux surface averaged current density hjφ i was used to calculate the
Greens function integrals.
0.6
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cretized into N = 400 radial elements
Figure 1: (a) Lower null ASDEX Upgrade equilibrium with
to form an N × 2P = 400 × 120 in- P = 60 equidistant magnetic probe sites on an idealized meafluence matrix G where the influence surement contour conformal with the separatrix and scaled
profile of each annulus was scaled by up by 40%. (b) tangential (—) and normal (- - -) components of the poloidal magnetic field per MA annular current
its annular current and a total of 1 MA for the four sites highlighted in figure 1(a) versus the flux
was distributed over the plasma cross- label υ.
section. A Singular Value Decomposition (SVD) of G resulted in the ordered sequence of singular
values (in mT) {σi } = {1902, 226, 61.4, 18.9, 6.1, 1.9, ...}. These magnitudes, which describe the
typical amplitude associated with the corresponding singular vectors (SVs), give a practical measure of the recoverability of moments of the current profile described by the SVs when compared
to experimentally known measurement uncertainties in the magnetic signals.
For the idealized probe geometry used here, 10
P NBI (MW)
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σ1 − σ4 are well above the median fit error
I P (100kA)
8
of 1.3 mT for equilibrium reconstructions on
ASDEX Upgrade using the CLISTE code [5]
WMHD (100kJ)
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and hence correspond to 4 clearly identifiable moments of hjφ i. The leading two mo4
-3
ne (1019m )
ECE Te_R=1.80 (keV)
ments correspond to the plasma current and
and Odd MHD activity
Even
2
internal inductance li and all subsequent moments are localized towards the edge. The
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0
1.0
1.5
2.0
2.5
3.0
singular values satisfy Σi σi2 = ΣPj=1 (Bj,2 k +
Time (s)
Bj,2 ⊥ ) where Bj, k and Bj, ⊥ are the compo- Figure 2: Time traces of plasma current Ip , linenents of the poloidal magnetic field at the integrated density n̄e , neutral beam injection heating
power P NBI , plasma stored energy WMHD , electron
jth probe site due to a 1 MA plasma curtemperature Te at major radius R = 1.8 m, MHD
rent. If LS and LP denote the circumfer- even and odd mode signals, and divertor tile curences of the separatrix and probe contours, rents (ELM signal) for ASDEX Upgrade discharge #
respectively, then for plasma current Ip and 23255. The CLISTE analysis is for the time window
1.2 ≤ t ≤ 2.7 s.
P probe sites, the singular values scale as
√
σj ∼ P Ip (LS /LP )j .
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The foregoing analysis is incomplete in several respects: A fixed flux surface topology is used and
hence the known dependence of magnetics on the Shafranov shift is not reflected in the SVs. Also,
the use of hjφ i conceals the major radius dependence of the jφ profile. Current flow in the scrapeoff layer (SOL) outside the separatrix is not considered. These aspects are all taken into account
in the CLISTE interpretive equilibrium code [5,6] which generates MHD equilibrium solutions
on ASDEX Upgrade constrained by data from multiple diagnostics. Source profiles extend into
the SOL, where they can be constrained using pressure data and shunt resistance measurements
of poloidal currents flowing in the axisymmetric divertor. The SVD analysis demonstrates that
magnetics contain information on the edge current distribution, however use of the present SVD
approach under realistic conditions for solving the equilibrium problem proved impractical and
instead, for modelling flexibility, a cubic spline model with, typically, 9 radial knots is used
to parameterize the p′ (ψ) and f f ′ (ψ) source profile shapes. This amounts to 18 free shape
parameters, well in excess of the number of identifiable moments of the current distribution.
Regularization of the magnitude of the fitted spline coefficients and/or the curvature at each
knot position controls the ill-conditioned nature of the problem.

toroidal current density

( MA m−2 )

Experimental Results
The recoverability of edge moments of the current density profile is illustrated by a sequence
2.5
of CLISTE equilibria for ASDEX Upgrade
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(a)
discharge 23255, Ip = 800 kA, Bt = −2.5 T,
n̄e = 5.8×1019 m−3 which had a stationary low
1.5
power phase consisting of 0.3 MW ohmic heating and 0.5 MW ECRH, followed by the addi1.0
tion of four 2.5 MW neutral beams at 200 ms
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intervals (fig. 2) which yielded a factor of six
variation in the stored energy during the cur0.0
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A spline model with 9 internal knots for the
p′ (ψ) and f f ′ (ψ) source profiles regularized
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by penalizing both the curvature at each knot
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location and also the magnitude of the fitted coefficients was used to find free bound1.5
ary equilibria constrained by 60 magnetic signals at 10 ms intervals for the time window
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cluded. Since sawteeth were present throughout most of the time window, the safety fac0.0
tor q on the magnetic axis was clamped at
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a value just below unity. The rms (root
mean square) fit error was 1.0 mT or 0.9% Figure 3: Time evolution of the jφ profile as a funcof the rms signal magnitude. The same spline tion of major radius along the magnetic midplane as
reconstructed by CLISTE from (a) magnetic data
model, with identical regularization penalties, and (b) a combination of magnetic and edge preswas also used to generate equilibria addition- sure data.
ally constrained by pressure data in the range
0.85 ≤ ρpol ≤ 1.02 obtained from high resolution ne , Te and Ti data from the Lithium beam
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[7,8] , ECE [9] and Thomson scattering [10] diagnostics. The magnetic fit error was unchanged,
and the rms pressure fit error was ≈ 150 Pa or 2.5% of the rms value of ≈ 6 kPa for ρpol ≥ 0.85.
Figure 3 shows the time evolution of the jφ profile as a function of major radius along the magnetic midplane from CLISTE reconstructions using (a) magnetic data and (b) a combination of
magnetic and edge pressure data.
In each case, a prominent edge peak in jφ develops following the start of NBI heating at t = 1.4 s.
It increases with heating power, reaching a maximum at t = 2.2 s just as the NBI power is reduced
from its peak value. The evolution of the edge peak is very similar in both cases, although the
inclusion of the pressure constraints results in the peak height in figure 3(b) exceeding that in
3(a) by a factor of ≈ 2. Quantitative agreement between both fits is achieved when the toroidal
current ‘Iedge ’ flowing outside a fixed flux surface close to the peak position is calculated in both
cases. Figure 4 shows that the current flowing outside the υ = 0.9 flux surface in both cases
is nearly identical and scales closely with βpol , consistent with a bootstrap-dominated current
drive in the pedestal.
60

Iφ (υ=0.9) (kA)

Conclusions
50
The analytical examples combined with the
qualitative consistency between figure 3(a)
40
and 3(b) and the quantitative agreement be30
tween the Iedge time traces in figure 4 allow
the following conclusions to be drawn: Equi20
librium magnetic measurements yield infor10
mation on the jφ profile near the boundary
of an X-point plasma. Quantitative details
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of the profile shape cannot be identified from
time (s)
magnetics alone, but the current flowing out- Figure 4: Time evolution of toroidal current outside a reference flux surface near the sepa- side the υ = 0.9 surface (corresponding to ρpol ≈
0.99) for the magnetics-only fit (dots) and the magratrix, in the vicinity of υ = 0.9 is robustly netics + pressure fit (dashes). The solid curve is
determined. The fact that this region coin- βpol (t) scaled by a factor of 37.0.
cides with that of high pressure gradients and
therefore high current densities associated with the edge transport barrier characteristic of the
H-mode offers vital additional diagnostic information in the challenge to accurately determine
the stability limits affecting ELM dynamics and to investigate wider issues of pedestal physics.
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